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Abstract 
The main hurdle for EDAs is how to estimate and sample the joint probability distribution, especially in d-
dimensiona case (d>2). Copula theory provides a useful tool for multivariate probability analysis, which separates 
joint probability distribution function into product of marginal distributions. We introduce a new paradigm, called 
Ncopula-EDAs, which integrates EDAs with nested Archimedean copulas, and indicates an innovative way to solve 
the multivariate and multiple dependences optimization problem. The case of three-dimensional problem is studied in 
detail. The sampling method of three-dimensional Nested Archimedean copula is illustrated, and the procedure of 
three-dimensional Ncopula-EDAs is described. The experiment results validate the feasibility and efficiency of our 
algorithm. 
© 2011 Published by Elsevier Ltd. 
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1. Introduction
Estimation of Distribution Algorithms(EDAs)[1] are a new non-deterministic search algorithm based
on populations of individuals like Genetic Algorithms(GAs)[2]. Whereas there are recombination and 
mutation operators in GAs, they have been replaced by the learning and sampling of a probability 
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distribution in EDAs, i.e. the new population of individuals are sampled from a probability distribution, 
which is estimated from a database containing selected individuals from the previous generation. 
EDAs have been widely applied in combinatorial optimization and continuous optimization domains. 
A recent reference on EDAs is the book in a series in [3]. The main problem with EDAs is how to 
estimate and sample the probability distribution. With respect to the complexity of the probabilistic model 
used to learn the interdependencies between the variables, there have been different categories including: 
1)without dependencies; 2)bivariate dependencies; 3)multivariate dependencies; and 4)mixture models. 
The concept of copula can be traced back to Sklar[4]. Copula, C, is a function that connects marginal 
distribution functions to their joint distribution function. It is the joint distribution function of a random 
pair (U, V) with uniform marginals. Standard copula textbook references are [5]-[6]. Although there are a 
huge number of bivariate copulas, the range of d-dimensional copulas is rather limited (d>2). 
Archimedean copulas are a prominent class of copulas, which have emerged as a powerful tool to create 
more flexible and more realistic multivariate distributions mostly in financial domain[7]-[8] 
Recently, L. Wang and J. Zeng[9]-[10] proposed an improved EDA based on copula theory to enhance 
the learning efficiency, which models and samples the joint probability function by selecting a proper 
copula and learning the marginal probability distributions of the promising population. Rogelio Salinas-
Gutierrez, etc.[11] introduces copula functions and implement the copula-based MIMIC algorithm. 
Nested Archimedean copulas[6],[12]-[13] provide a relatively simple and practical way to extend two-
dimensional Archimedean  copulas to a d-dimensional framework with multivariate dependencies. The 
contribution of this paper is the proposed EDAs based on Nested Archimedean copula(Ncopula-EDAs) 
which integrates EDAs with Nested Archimedean copulas. 
The structure of the paper is the following: Section 2 is an introduction to nested Archimedean copula, 
and discusses in detail how to construct and sample the nested Archimedean copula. Section 3 describes 
the implementation of the EDAs based on nested Archimedean copula. Section 4 presents the 
experimental setting to solve 8 test global optimization problems, and Section 5 resumes the conclusions. 
2. Nested Archimedean copula 
Here we just collect some important definitions and properties of Archimedean copulas, [6] provides 
detailed introduction to Archimedean copulas. 
A bivariate Archimedean copula can be constructed by 
1 1
1 2 1 2( , ) ( ( ) ( ))C u u u uψ ψ ψ− −= +                                                                                                                
(1) 
where ψ :[0, ∞]→[0, 1] be a continuous, strictly decreasing and convex function such that ψ(0) 
=1 and ψ(∞)=0. The function ψ is called the generator of the copula, and the function ψ has an 
inverse ψ−1:[0, 1]→[0, ∞] with the same properties like ψ, except that ψ−1(0)=∞, ψ−1(1)=0. 
One way of extending the bivariate copula to d-dimensional is like this 
1 1
1 1( , , ) ( ( ) ( ))dC u u u uψ ψ ψ− −= + +L L                                                                                                  
(2) 
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The function C:[0,1]d→[0,1] defined by formula (2) is called d-dimensional Archimedean copula if 
and only if ψ is a completely monotonic function. 
A simple generalization of the d-dimensional Archimedean copula can be found in [5], [12]-[13], 
where the copula is constructed by the nesting of generators. A three-dimensional example of nested 
Archimedean copula can be constructed using two LT-Archimedean copula generators, ψ1 and ψ2, 
according to 
                                                                     
(3) 
Under the additional condition that the composite function 1
1ψ ψ− o  is completely monotonic. 
3. Ncopula-EDAs
3.1. Constructing Nested Archimedean copula 
A two-dimensional copula-EDA procedure was proposed by [9], which has considered EDAs based on 
two-dimensional copulas with Gaussian marginal. The construction and sampling of two-dimensional 
copulas are relatively easier than d-dimensional case. Actually for d-dimensional copula, there still a lot 
of open problems to deal with both in theoretic and practical domain. 
In this paper, we are trying to extend two-dimensional copula-EDAs to d-dimensional, specifically 
three-dimensional case. 
In order to construct the joint probability distribution function of a known random vector, there are two 
steps to perform, the first one is to construct the marginal distribution function of each random variables 
separately. The second one is selecting a proper copula to construct the joint distribution. More important, 
the estimation of correlation between variables is the key to construct copula. 
Maximum Likelihood Estimation method is employed to calculate θ1, θ2. 
3.2. Sampling from Nested Archimedean copula 
According to [12], we have got an explicit expression for sampling the three-dimensional nested 
Archimedean copula. Table 1 shows the detail. 
Table 1 Algorithm 1: Sampling three-dimensional nested Archimedean copula 
1 Generate a variate V1 with distribution G1 with ψ1. 
2 Generate a variate V2 with distribution G2(v,V1) with (1) 1
2 1 1 1 2( ; ) exp( ( ))V Vψ ψ
 
ψ−⋅ = − ⋅o . 
3 Generate independent uniformed variates U1 ,U2 ,U3. 
4 Return X1 ,X2 ,X3. where 1 1 1 1( ln( ) / )X U Vψ= − , 2 2 2 2( ln( ) / )X U Vψ= − , 3 2 3 2( ln( ) / )X U
 
Vψ= −   
Both Clayton and Gumbel copulas are very popular one-parameter families of Archimedean copulas. 
Copula generator and inner generators for the two families are shown in Table 2, where the variables V to 
be sampled have respectively positive stable and gamma distributions. 
Table 2 Copula summary 
Copula Summary Gumbel Clayton 
1613Xiaoping Wang et al. / Procedia Engineering 15 (2011) 1610 – 16164 Xiaoping Wang ，et al/ Procedia Engineering 00 (2011) 000–000 
ψ(t; θ) exp(-t1/θ) (1+t)-1/θ 
Parameter Space θ≥1 θ>0 
ψ-1(u; θ) (-ln u)θ u –θ-1 
Distribution of V St(1/θ,1,(cos(π/(2θ)))θ,0) Ga(1/θ,1) 
Inner copula 
 
 
 (1)
2 1 2( ; , , )t v θ θ 1 2/exp( )vtθ θ− 1 2/exp( (1 ) )v v t θ θ− +   ψ
 
3.3. Procedure of Ncopula-EDAs 
In general, the procedure of Three-dimensional Ncopula-EDAs is described as Table 3. 
Table 3 Algorithm2:Three-dimensional Ncopula-EDAs copula 
1 Assign t ← 0. Generate the initial population P0. 
2 Select a collection of N solutions St, with N<M, from Pt. 
3 Ncopula-EDAs generator. 
 3.1 Estimate  the parameter of Nested Archimedean copula from St. 
 3.2 Generate the new population by using Algorithm 2. 
4 Assign t←t +1. 
5 If any of the stopping criteria is not reached go to Step 2. 
4. Experiments 
In this paper we restrict attention to Gumbel copulas. Theorem 1.19 in [14], illustrates sampling clues 
from stable distribution. 
Eight test functions adopted from [9] are used to test the feasibility of the proposed Ncopula-EDAs. 
The definition of the test functions are shown as follows. 
Functions Dimensions Convergence rate Copula parameters θ1/θ2 Convergence generation 
F1 3 50/50 1.15/1.25 33.7 
F2 3 50/50 1.15/1.26 32.84 
F3 3 41/50 1.25/1.80 103.6 
F4 3 50/50 1.1/1.15 42.46 
F5 3 2/50 1.25/1.55 25 
F6 3 27/50 1.55/1.85 29.23 
F7 3 47/50 1.25/1.70 219.9 
F8 3 50/50 1.25/2.5 58.84 
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 The population size of each generation is 100, selection rate and mutation rate are set to 20%, 5% 
respectively. The stopping criteria are 1) If the distance between the best solution found so far and the 
optimum is less than the predefined precision 1e-3 for function F7, and for other test functions the 
predefined precision is 1e-5; 2) The maximal number of iteration is 1000 in each running. All test 
functions are optimized in three-dimensional spaces, and all the experiments are repeated for 50 runs. 
Table 4 shows the experimental results. 
 Table 4 Experiment results of test functions 
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First of all, the convergence rate of almost all functions is more than 80%, the convergence generation 
is reasonable as well, which indicate that the algorithm we proposed is not only feasible but also efficient. 
Unfortunately, the convergence rate of function F5 is relatively low; although the convergence speed is 
really high (the convergence generation is only 25, while it comes to the optimum). Under further 
experiments, we notice that, for function F5, there always has one of the three variables couldn’t be 
optimized, maybe our algorithm is not suitable for function F5 at all, and it is an additional proof of the 
No Free Lunch Theorem. 
5. Conclusions 
A hurdle for practical implementation of any d-dimensional Archimedean copula is the absence of an 
efficient method for generating them and sampling from them. For the first time, we integrate EDAs with 
nested Archimedean copulas and apply it to three-dimensional case. The experiments illustrate the 
feasibility and efficiency of our algorithm. 
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